Multi-mode interference (MMI) and self-imaging are important phenomena of diffractive wave optics with major applications in optical signal processing, beam shaping and optical sensing. Such phenomena generally arise from interference of normal modes in lossless dielectric guiding structures, however the impact of spatially-inhomogeneous optical gain and loss, which break mode orthogonality and symmetries, has been overlooked. Here we consider MMI in non-Hermitian optical systems, either graded index or coupled optical waveguide structures with optical gain and loss, and reveal distinctive features, such as the absence of mirror images and strong-sensitivity of self-imaging to perturbations, making MMI in non-Hermitian waveguides of interest in optical sensing.
Introduction. Multi-mode interference (MMI) and selfimaging effects are well-known phenomena of diffractive wave optics [1] [2] [3] [4] which find major applications in different fields ranging from optical imaging and sensing [4] [5] [6] [7] [8] [9] to beam shaping [10, 11] , laser design [12, 13] , optical signal processing [3, 14, 15] , and quantum information [16] . In most of previous studies, interference arises among normal modes of lossless dielectric waveguides or fibers, which are orthogonal modes like the eigenmodes of a Hermitian system. In the past decade, parity-time (PT ) and non-Hermitian optics have emerged as flourishing research fields, where judiciously-tailored spatial regions of optical gain and loss in dielectric guiding systems deeply change the flow of light, with the demonstration of unprecedented optical functionalities (see e.g. [17] [18] [19] [20] [21] [22] [23] for recent reviews). Non-orthogonality of modes in a non-Hermitian optical system is responsible for a wide variety of intriguing effects, such as the appearance of exceptional points [20, 21] , unidirectional scattering [24] [25] [26] [27] , excess noise and enhanced sensitivity to perturbations [28] [29] [30] [31] [32] [33] [34] . Self-imaging effects in non-Hermitian optical systems have been so far limited to consider periodic wave fields, corresponding to the non-Hermitian extension of the Talbot effect [35, 36] , however MMI among non-orthogonal modes in guiding non-Hermitian structures and distinctive features of non-Hermitian versus Hermitian MMI have been so far overlooked.
In this Letter we extend MMI and self-imaging effects to the non-Hermitian realm by considering graded index or coupled optical waveguide structures with balanced optical gain and loss, synthesized to show real and commensurate propagation constants for all guided modes. As compared to the their Hermitian counterpart, distinctive features arise from non-orthogonality of guided modes, such as the absence of mirror images and a strong-sensitivity of self-imaging to perturbations, which could be of major advantage for sensing applications. (a) Numerically-computed evolution of the field amplitude |ψ(x, z)| on a pseudo color map. The initial field distribution is the two-humped profile ψ(x, 0) = (x+d) exp[−(x+d) 2 /w 2 ] with d = w = 0.5. The inset in (a) shows the waveguide profile V (x). (b,c) Intensity profile |ψ(x, z)| 2 (solid curves) at the mirror-image plane z = zT /2 (panel (b)) and at the self-imaging plane z = zT (panel (c)), with zT = 2π. The solid-dotted curves shows the intensity profile of the input field at z = 0. Note that in (c) the solid-dotted and solid curves are almost overlapped. The thick dashed curve in (c) shows breakdown of self-imaging for a slightly modified value of ν to the non-integer value ν = 12.05.
Self-imaging in non-Hermitian graded-index waveguides. Self-imaging effects arising from MMI in gradedindex waveguides or fibers is observed when the propagation constants of the excited guided modes are commensurable [3] . In the weak-guiding, scalar and paraxial approximations, light propagation along the optical Z− axis in a graded-index slab waveguide with transverse spatial direction X is governed by the paraxial wave equation [37] i k
for the electric field amplitude ψ(X, Z), where k = 2π/λ is the photon wave number (in vacuum), n s is the substrate (cladding) refractive index, and n(X) n s the spatially-varying refractive index profile of core region. Indicating by ∆n 0 the characteristic index change between cladding and core regions of the guide, it is worth introducting the characteristic longitudinal and transverse spatial lengths as L = λ/(2π∆n 0 ),
where V (x) ≡ (n s − n(x))/∆n 0 is the normalized optical potential. Let us indicate by n(x) the refractive index profile of a multimode lossless waveguide sustaining N guided modes u l (x) with propagation constants E l (l = 0, 1, 2, ..., N − 1) showing self-imaging effects, so that H is self-adjoint, n(x), V (x) and E l are real numbers, and Hu l (x) = E l u l (x). An example is provided by a gradedindex Pöschl-Teller potential
(ν integer number), which sustains exactly N = ν bound modes with propagation constants E n = −(ν − n) 2 (n = 0, 1, 2, .., ν − 1). Owing to the symmetry V (−x) = V (x), the guided modes show either odd or even symmetry after spatial inversion, namely u n (−x) = (−1) n u n (x). The quadratic form of propagation constants on mode index n ensures exact self-imaging of any initial field distribution ψ(x, 0), which does not excite scattering modes, after a propagation distance z T = 2π, i.e. ψ(x, z T ) = ψ(x, 0). Likewise, the symmetry properties of eigenmodes under spatial inversion implies that at z = z T /2 = π a mirror image of the initial distribution is observed, i.e. ψ(x, z T /2) = ±ψ(−x, 0). Such imaging effects are explained as a result of MMI [3] . In fact, an initial field distribution ψ(x, 0) = N −1 n=0 c l u n (x), obtained from an arbitrary superposition of guided modes with complex amplitudes c l , propagates along the waveguide according to
For z = z T = 2π, clearly E n z T is an integer multiple than 2π for any mode number n, and thus from Eq.(4) one has ψ(x, z T ) = ψ(x, 0) (self-imaging). On the other hand, for z = z T /2 one has E n z T /2 = (−1) (n+ν) , and thus
i.e. ψ(x, z T /2) = (−1) ν ψ(−x, 0) (mirror-imaging). Note that in writing the last equation we used the symmetry property u n (−x) = (−1) n u n (−x) of eigenmodes. An example of self-imaging and mirror-imaging for a Hermitian graded-index Pöschl-Teller waveguide is shown in Fig.1 .
Here we wish to extend imaging effects to non-Hermitian multimode graded-index waveguides, where balanced gain and loss regions are added to the guiding refractive index profile. The resulting Hamiltonian H 1 is therefore non-Hermitian. For a given lossless graded-index waveguide with refractive index profile n(x) showing selfimaging effects, one can synthesize isospectral waveguides, described by a non-Hermitian Hamiltonian H 1 with complex refractive index n 1 (x), by means of supersymmetric [36, 38] or imaginary spatial displacement [39, 40] methods. For construction, the non-Hermitian waveguide H 1 sustains N modes with the same (real) propagation constants E n as the Hermitian waveguide H, and thus self-imaging at the distance z = z T is still observed. However, the eigenmodes cease to be orthogonal and the odd/even symmetry under spatial inversion is not conserved. This implies that the mirror-image at z = z T /2 is not anymore observed. To exemplify such a result, let us consider a PT -symmetric extension of the graded-index Pöschl-Teller waveguide (3), obtained by an imaginary spatial shift [39] , i.e. let us consider the complex index profile n 1 (x) = n(x + iδ) and corresponding optical potential
where 0 ≤ δ < π/2. The Hamiltonians H 1 and H are clearly isospectral, and the (right) eigenmodes v l (x) of H 1 are simply obtained from those of H by an imaginary space shift, i.e. v l (x) = u l (x + iδ). Note that, since V 1 (−x) = V * 1 (x), the Hamiltonian H 1 is PT -symmetric in the unbroken PT phase and its eigenvectors satisfy the condition v l (−x) = (−1) l v * l (x). While self-imaging is observed at the distance z = z T = 2π, at the half distance z = z T /2 the mirror-image is not anymore observed rather generally, since in this case one has ψ(x, z T /2) = (−1) ν ψ(−x − 2iδ, 0). An example of selfimaging and breakdown of mirror-imaging in the PTsymmetric Pöschl-Teller waveguide is shown in Fig.2 . The non-orthogonality of modes is responsible for an enhanced sensitivity of the system to perturbations, and is measured by the Petermann factor [32, 34, 40] 
where v † l (x) = v * l (x) are the left eigenvectors of H. The Petermann factor K l , originally introduced to describe excess quantum noise and excess linewidth in lasers with unstable resonators, provides rather generally a measure of the non-orthogonality degree of the mode of a non-Hermitian system, diverging when the mode becomes self-orthogonal (exceptional point). In our case K l equals one for δ = 0 and diverges to infinity as δ → π/2 (PT symmetry breaking point). As an example, the bold dashed curves in Figs.1(c) and 2(c) show the numerically-computed self-image, at plane z = z T , for a perturbed refractive index change ∆n 0 of the gradedindex waveguide, corresponding to the slightly varied value ν = 12.05. Clearly, in the non-Hermitian waveguide [ Fig.2(c) ] breakdown of self-imaging is more pronounced, even though the Petermann factor is modestly larger than one (for the fundamental mode one has K 0 2.53).
MMI and self-imaging in non-Hermitian waveguide lattices. Non-Hermitian multimode graded-index structures, while being a focus of several recent theoretical studies addressing interesting effects as supersymmetry and scatteringless optical potentials [27, 38, 39, 41] , require special tailoring of both real and imaginary parts of the refractive index, and remain so far challenging for practical implementation, with few experiments reported in the microwave spectral region [42] . On the other hand, coupled waveguides or resonators with optical gain and loss offer a more accessible and controllable platform for harnessing non-Hermitian effects [17-22, 28, 29, 34]. MMI among array supermodes and self-imaging effects in Hermitian waveguide lattices have been demonstrated in previous experiments (see e.g. [43] ), and applications to chemical sensing have been reported [9] . A main open question is whether self-imaging can occur in non-Hermitian waveguide arrays, and whether non-Hermitian effects could be harnessed in applications such as optical sensing based on MMI. Here we propose a non-Hermitian waveguide lattice setup which shows selfimaging effects in which the imaging condition is hugely sensitive to perturbations as compared to its Hermitian counterpart. The non-Hermitian waveguide lattice is shown in Fig.3(a) . It comprises a set of N coupled waveguides with the same propagation constants and inhomogeneous couplings κ l , in which the edge waveguide n = 1 is lossy with a loss parameter γ, whereas the other (N −1) waveguides experience optical gain with the same gain parameter g. We also assume overall balanced gainloss distribution, i.e. γ = (N − 1)g. Waveguide lattices with precise control of coupling constants can be manufactured with current semiconductor technology, where selective gain and loss can be accomplished; see for instance [44] . Light propagation in the waveguide array is described by coupled-mode equations for the modal field amplitude in the various waveguides [9, 35, 43] 
(n = 1, 2, ..., N ), with κ 0 = κ N +1 = 0, γ 1 = γ = (N −1)g and γ n = −g for 2 ≤ n ≤ N . Like in the graded-index waveguide problem considered above, we wish to synthesize a waveguide lattice such that all propagation constants E l of array supermodes (i.e. the N eigenvalues of the matrix H) are real and commensurate, thus ensuring self-imaging. In particular, we consider here the case where E l are equally spaced by ∆, i.e. E l = E 0 + l∆ (l = 1, 2, ..., N ). Clearly, for N = 2 the problem is trivial since the array reduces to the well-known PT -symmetric optical coupler, which shows self-imaging in the unbroken PT phase. For N ≥ 3, the structure is no longer PT symmetric, but more generally non-Hermitian. For a given loss rate γ, the coupling constants κ l that realize an equally-space ladder spectrum can be synthesized by means of inverse spectral methods of Jacobi matrices [45, 46] . In caption of Fig.3 we provide two examples of isospectral N = 7 waveguide lattices with supermode spacing ∆ = 0.5, one Hermitian (g = 0) and the other non-Hermitian (g = ∆), which have been synthesized by numerically implementing the algorithm described in Ref. [46] . The two waveguide arrays realize a selfimage of any input discrete optical pattern at the output plane z T = 2π/∆. Examples of self-images are shown in Figs.3(b) and (c). However, in the non-Hermitian array the propagation pattern and self-imaging condition are much more sensitive to perturbations than in the Hermitian array owing to the large values of the Petermann factor arising from mode non-orthogonality. For example, the Petermann factors K l of supermodes for the non-Hermitian lattice of Fig.3 vary in the range 23 − 180. Such large values of K l suggest an enhanced sensitivity to perturbations [32, 34] , which could be of interest in MMI-based sensing applications. For example, let us consider a perturbation to H corresponding to a propagation constant shift δ of the mode in the lossy waveguide n = 1. Such a perturbation describes, for example, the case where the lossy waveguide n = 1 shows a different refractive index change (dn/dT ) with temperature than the other waveguides, and the array is used to monitor temperature changes. Likewise, the edge waveguide can act as a chemical transducer element whose effective index changes as the concentration of some chemical compounds varies [9] . The impact of δ on breakdown of MMI self-imaging can be detected by measuring the fractional light power P N trapped in the right-edge waveguide n = N , normalized to the entire optical power in all waveguides at the output plane, i.e.
when the array is excited, at input plane z = 0, by the right-edge waveguide n = N [ Fig.3(a) ]. Figures 3(d,e) show the numerically-computed behavior of P N versus δ for Hermitian (g = 0) and non-Hermitian (g = ∆) arrays, respectively. While in the Hermitian lattice the fractional power P N is independent of δ in the considered range, a measurable change of P N is clearly observed in the non-Hermitian lattice.
Conclusions. Multimode interference of guided modes in integrated optical structures is of major interest in several applications ranging from beam shaping to optical sensing, signal processing and quantum information. Interesting effects of MMI that are usually exploited in such applications are self-imaging and mirror-imaging phenomena, which are observed when the propagation constants of the excited guided modes are commensurate. In most of current studies of MMI and related applications, light propagation is described within Hermitian models, i.e. neglecting optical loss and gain in the system. Here we have considered MMI and self-imaging effects in non-Hermitian systems, such as graded-index waveguides and waveguide arrays with inhomogeneous gain and loss distributions. We synthesized suitable structures that realize self-imaging in spite of gain and loss in the system. However, non-orthogonality of modes has a great impact on mode interference. In particular, it has been shown that mirror-imaging is generally prevented in non-Hermitian graded-index structures, and that the interference pattern is much more sensitive to perturbations of system parameters. Our results suggest that the recently developed field of non-Hermitian photonics [17] [18] [19] [20] [21] [22] [23] could provide interesting and insightful guidelines in the design of MMI-based integrated photonic devices.
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